Abstract An algorithm based on Semi-Definite Programming (SDP) formulation is proposed for optimum design for specified linear buckling load factor. Optimal trusses and frames are computed by using the primal-dual interior-point method for SDP. It is well known that optimizing structures under buckling constraints is difficult because of nondifferentiability of the buckling load factors for the case of multimodal solutions. It is shown, in the examples, that optimum designs with multiple buckling load factors can be found without any difficulty by successively solving SDP problems.
Introduction
The linear buckling load factor is a basic performance measure of stability of structures. It is important, in the process of designing thin-walled or slender structures, to find the design whose linear buckling load factor is not less than the specified value. Therefore, practically applicable approaches are desired to optimize the structure under buckling constraints.
For single modal cases, various papers have addressed optimization methods of structures for specified linear buckling load factor [1] [2] [3] [4] . It is well known, however, that optimum designs often have multiple buckling load factors. Because of non-differentiability of multiple buckling load factors in ordinary sense, it is very difficult to find optimum designs in multimodal cases by using conventional gradient-based optimization approaches [5] . To the authors' knowledge, no efficient algorithm has been proposed for structural optimization allowing large multiplicity of buckling load factors. In this paper, we present an algorithm applicable to large structures, which often have moderately large multiplicity of buckling loads.
Existence of a bimodal optimal solution of a clamped-clamped column under linear buckling load constraints is first noticed by Olhoff and Rasmussen [6] . Seyranian et al. [5] developed an optimization method based on necessary conditions for optimality to maximize the lowest eigenvalue defined by a generalized eigenvalue problem. In our experience, however, this approach did not converge to an optimal solution for the case where some design variables will vanish. Moreover, since they have not considered the eigenvalue problem with matrices that are functions of state variables such as deformations of the structures, its applicability is not clear to statically indeterminate structures. Based on the Clarke's generalized gradient [7] , Rodrigues et al. [8] presented the necessary conditions for local optimality for maximization of the linear buckling load of a truss including multimodal cases.
In this paper, an algorithm based on Semi-Definite Programming (SDP) is proposed for structural optimization for specified linear buckling load factor, and optimum designs are obtained by successively solving SDP problems. Since the proposed algorithm does not require the sensitivity coefficients of buckling load factors with respect to design variables, it is applicable to the cases of large multiplicity of buckling load factors. SDP is a class of convex mathematical programming and it receives extensive attention because of its wide area of applications and the existence of effective algorithms such as primal-dual interior-point algorithms [9] .
In the case where the effect of prebuckling deformation cannot be ignored, one may have to find the optimum design against nonlinear buckling. Some optimization approaches based on nonlinear stability have been presented [10] [11] [12] [13] [14] , but few of them are applied to multimodal cases [15] . Very large computational cost is needed to find an exact optimal solution under nonlinear buckling constraints, because such an algorithm must carry out path-following analysis many times, which is very expensive for moderately large structures. On the other hand, if an optimum design is obtained for specified linear buckling load factors, then one can easily scale it up so that the nonlinear buckling load factor is equal to the specified value. The authors [16] demonstrated in the examples that such a scaled design is acceptable as a good approximate optimum design under nonlinear buckling constraints. Since our aim in this paper is not to obtain the exact optimal solution under nonlinear buckling constraints but to propose an algorithm applicable to moderately large structures with large multiplicity of buckling load factors, the linear buckling formulation is used in the optimization process. In addition, this problem has great theoretical interest because it is very difficult to obtain the optimal solution in multimodal cases even for linear eigenvalue formulation [5] .
The proposed algorithm is applied to optimum design of a spherical latticed dome, a towertype truss and a braced frame subjected to vertical loads. Although prebuckling deformation is very large for the latticed dome, the loading capacity can be estimated by dividing the linear buckling load factor by the safety factor called knockdown factor. For braced frames, on the contrary, the effect of prebuckling deformation is negligibly small, and the buckling loads can be estimated within good accuracy by linear eigenvalue formulation. The frame without brace exhibits a so called sway buckling with horizontal displacements of the joints. Such a sway mode can be avoided by existence of slender braces [17] , and a braced frame exhibits non-sway buckling. Consequently, an optimal braced frame has multiple buckling loads corresponding to sway and non-sway modes. Bažant and Xiang [18] investigated characteristics of imperfection sensitivity of optimal braced frames, and suggested that the non-sway buckling load should be slightly larger than the sway buckling load. Such a design can be easily obtained by adjusting the stiffnesses of braces of the multimodal optimum design obtained by the proposed method.
Outline of SDP
SDP is a class of convex programming including linear programming, convex quadratic programming, etc., and has various fields of application [9] . The primal-dual interior-point method, which has been first developed for linear programming [19] , has been naturally extended to SDP.
In the authors' previous paper [21] , it has been shown that topology optimization of trusses under frequency constraints can be formulated as SDP, and an algorithm has been proposed that is applicable to multimodal cases. Ben-Tal and Nemirovski [22] presented an SDP formulation for robust truss topology design under compliance constraint.
Let S n ⊂ R n×n denote the set of all n × n real symmetric matrices. The notation U O denotes that U = [U ij ] ∈ S n is positive semidefinite; i.e. all the eigenvalues of U are nonnegative. The standard form of SDP problem and its dual problem are formulated as
Here, we define U • V for U and V ∈ R n×n as
which is usually referred to as the inner product of U and V . Note that
is a constant vector, X and Z are variable matrices and y = {y i } ∈ R m is a variable vector. It is theoretically guaranteed [20] that the primal-dual interior-point method converges to the global optimum solution of SDP problems (1) and (2) with the number of arithmetic operations bounded by a polynomial of n and m which indicates excellent performance even in large scale applications.
Formulation of optimization problem
This section is devoted to formulation of the optimization problem under linear buckling constraints in a form of mathematical programming with the constraint such that a variable matrix should be positive semidefinite. This formulation will provide us in the following section with an optimization approach based on semidefinite programming without using the design sensitivity coefficients of buckling load factors. Consider a framed structure with fixed locations of nodes and members. The optimal cross-sectional areas are found so as to minimize total volume of the frame for specified linear buckling load factor. An optimal topology may be obtained based on the conventional ground structure method [23] by removing the members with vanishing cross-sectional areas.
Consider the specified external load p ∈ R N d and define monotonically increasing load Λp with the load factor Λ > 0, where N d denotes the number of degrees of freedom. Let K and K G ∈ S N d denote the linear stiffness matrix and geometrical stiffness matrix, respectively, of the framed structures. See, e.g., Gallagher [24] for details of the matrices. The effect of member buckling can be considered by partitioning a member into several beam-column elements. The rth linear buckling load factor Λ r and corresponding buckling mode
Note that the inverse of eigenvalues 1/Λ r are numbered in decreasing order; i.e. Λ 1 is the lowest positive eigenvalue.
The positive lower-boundΛ is specified for Λ r ; i.e. Λ r must satisfy the constraint such that Λ r ≥Λ or Λ r < 0, which is alternatively written as
Let L = {L i } ∈ R N m and A = {A i } ∈ R N m denote the vectors of element lengths and crosssectional areas, respectively, where N m is the number of elements. Then the optimization problem for minimizing the total structural volume V under linear buckling constraints is formulated as
From the Rayleigh's principle, (4) can be reduced to
for any admissible mode vector Φ ∈ R N d . Eq. (6) is then rewritten as the following positive semidefiniteness of a matrix:
The stiffness matrix of a truss member is proportional to A i . For rigidly jointed frames, the cross-section of a beam or a column is assumed to be sandwich; i.e. the second moment of area I i is proportional to A i as
where h is the distance between two flanges. Note that I i = 0 for truss members. The vector of member axial forces corresponding to p
Then matrices K and K G are written as linear functions of A i and N i (A), respectively. The problem (5) is reformulated as
where
Sequential SDP algorithm
By using the relation between A and N i , the problem P may be reduced to a form where only A are independent variables. In this case, however, the equality constraint in P is usually nonconvex because N i (A) is a nonlinear function of A for statically indeterminate structures. Therefore, P is a nonconvex nonlinear problem and, to the author's knowledge, there exists no approach to solving P with large multiplicity of eigenvalues. This motivates us to introduce the approximation strategies of N i (A). Consider the following two methods of approximation
where the superscript (k) is the iteration counter. By using either (9) or (10), P is reduced to
Here,
Method (b) :
Since P (k) is equivalent to the standard form of primal SDP problem (1), it can be solved in polynomial time by using the primal-dual interior-point method [20] ; i.e. the global convergence to the solution of P (k) is guaranteed and the number of arithmetic operations is bounded by a polynomial of N m and N d . 
and let¯ denote a specified small positive number. Then P is solved by the following algorithm:
Algorithm 4.1. Assign A (0) and set k = 0;
Note that the sensitivity coefficients of buckling load factors are not used in Algorithm 4.1. Therefore the optimal design with large number of multiplicity of buckling load factors can be found without any difficulty.
It should be emphasized that the obtained solution by Method (a) with the termination conditions (k) ≤¯ and 1
satisfies the first order optimality conditions (KarushKuhn-Tucker conditions) of P. Therefore, the obtained solution is guaranteed to be a local optimal solution of P if Algorithm 4.1 converges. On the contrary, the optimality conditions are not generally satisfied by a solution by Method (b). Some softwares based on the primal-dual interior-point method incorporate efficient methods for computation when the coefficient matrices (F 0 , F i ) of a pair of SDP problems (1) and (2) are sparse; i.e. these matrices have large number of zero elements. Since matrices K i and K Gi are very sparse, (F 0 , F i ) in P (k) used by Method (b) have larger sparsity than those by Method (a). It follows that the computational cost for solving each P (k) by Method (b) is smaller than that by Method (a) if we use the SDP software exploiting sparsity.
Examples
Optimum designs are computed for plane and space trusses and a plane frame to demonstrate efficiency of the proposed algorithm. In the following examples, the material of the members is steel where the elastic modulus is 205.8 GPa. All computations have been carried out on COMPAQ Alpha (CPU 21164 600MHz with 1GB memory). SDPA [25] , which is an SDP software based on the primal-dual interior-point method, is used to compute the solution of P (k) in Algorithm 4.1. As the termination conditions, we assign¯ = 4.0 × 10 −3 in (14).
A spherical truss.
Consider a 132-bar pin-jointed spherical latticed dome as shown in Fig. 1 . The pinsupports are located along a circle whose radius is 800.0 cm. The open angle is 20 deg and the height is 141.062 cm. The members in the meridian directions have the same length. We assign A (0) i = 20.0 cm 2 for each member. The specified linear buckling load factor isΛ = 100. Two loading cases are considered: concentrated load where a nodal load of 9.8 kN is applied at the center node in the negative z-direction, and distributed loads where the nodal loads of 980 N are distributed in the negative z-direction of all the internal nodes.
The optimal design for concentrated load obtained by Method (a) after 3 steps is as shown in Fig. 2 , where the width of each member is proportional to its cross-sectional area. It is observed that only the members around the center node have large cross-sectional areas. The multiplicity of the buckling load factors is five, where three of them correspond to limitpoint-type buckling modes and the others are bifurcation-type. The double bifurcation-type buckling load factors are due to symmetry of the structure. The iteration history by Method (a) is as listed in Table 1 . Almost the same solution is found by Method (b) after 19 steps. It has been shown that the optimal solution can be found without any difficulty for the case of large multiplicity of buckling load factors. The optimal cross-sectional areas for distributed loads obtained by Method (a) after three steps are as shown in Fig. 3 . We can see from Fig. 3 that the cross-sectional areas are almost uniformly distributed except those of the members connected to the supports. The multiplicity of the buckling load factors is two, both of which correspond to limit-point-type buckling modes. The iteration histories of Methods (a) and (b) are as listed in Tables 2 and 3 , respectively. After 12 steps, Method (b) converges to a solution such that all the constraints are satisfied and (k) is small enough.
Note that SDPA utilizes an efficient method to handle sparse matrices [26] . Since coefficient matrices (F 0 , F i ) in (11) used by Method (b) have larger sparsity than those by Method (a), CPU time for solving each P (k) by Method (b) is smaller than that by Method (a) as observed from Tables 2 and 3 . However, it can be observed from Tables 2 and 3 that the total volume V of the solution obtained by Method (b) is about 1.3% larger than that by Method (a), which implies that Method (b) fails to find the optimum solution in this example. On the other hand, the solution by Method (a) satisfies the first order optimality conditions of P.
The nonlinear buckling load factors of the optimal solutions for concentrated load and distributed loads are 21.6738 and 37.0635, respectively. By using these results, it is easy to scale up the obtained solution such that the nonlinear buckling load factor is equal to 100 for each load scenario. Such a scaled solution may be acceptable as a good approximate optimum solution under nonlinear buckling constraints as shown in the authors' previous paper [16] . Therefore, in view of computational cost, it has been shown that the proposed algorithm is practically applicable for moderately large structures such that an optimization approach based on nonlinear formulation may be very expensive.
A tower-type plane truss.
Consider a tower-type plane truss as shown in Fig. 4 . The lengths of vertical and horizontal members are 200.0 cm and 100.0 cm, respectively. An external load of Λp with p = 9.8 kN is applied as shown in Fig. 4 . The initial cross-sectional area is assigned as A (0) i = 5.0 cm 2 for each member. The optimal topology found by Method (a) is as shown in Fig. 5 (a) . The following move limit for A has been included in Method (a) in order to improve the performance of convergence:
where µ > 0 is a parameter defining the range of the move limit. By assigning an appropriate value to µ at each iterative step, the divergence of solutions can be prevented. The iteration histories of Methods (a) and (b) are listed in Tables 4 and 5 , respectively. Method (b) has not converged in this example. It can be observed from Table 4 that a large value has been assigned to µ at the final step. In fact, all of the move limit constraints (15) that are inactive can be essentially ignored at the obtained optimal solution. This fact guarantees that the solution satisfies the necessary conditions for optimality of the problem P. Note that, in practical point of view, an approximate optimum design can be obtained after about five steps by Method (a).
The nonlinear buckling load factor of the solution by Method (a) is 1044.82, which is very close to the linear buckling load factor. This result implies in the cases of tower-type structures that the effect of prebuckling deformation is small enough and the optimal design against buckling can be efficiently obtained by the proposed method based on the linear buckling formulation.
A plane frame.
Consider a 3-story 3-bay plane frame as shown in Fig. 6 . The lengths of columns and beams are 400.0 cm. Each column is divided into two elements. It has been confirmed that the linear buckling load of a cantilever column divided into two elements is equal to the Euler buckling load within the accuracy of three digits for the case where the slenderness ratio is 100. The cross-sectional areas are linked in the optimization process so that two elements of a column have the same value. The braces are modeled by truss elements. Let h = 20.0 cm for beams and columns and the assumption of rigid floor is used; i.e. the horizontal displacements at the joints in the same story have the same value. A proportional vertical load Λp is applied at each node at the top, where p = 9.8 kN. The specified linear buckling load factor isΛ = 3333.33. The initial cross-sectional area for each member is A Consider Case 1 such that the lower-bound 0.25 cm 2 is given for the cross-sectional area of each member. The optimal design for Case 1 obtained by Method (a) is as shown in Fig. 7 . It should be noted that the cross-sectional areas of all beams as well as braces are very small at the optimal design compared to those of columns. The multiplicity of buckling load factors is four and corresponding buckling modes are as shown in Fig. 8 . It can be observed from Fig. 8 Table 6 : Iteration history of the 3 × 3 frame by Method (a) (Case 1). as that obtained by Method (a). The fourth buckling load factor of (b), however, is slightly larger than the first three, and the multiplicity of buckling load factors is three. It is interesting to note that the cross-sectional area of a column has the smallest value at the first story because the frame is rigidly supported and the effective length of the columns for the non-sway mode is smallest at the columns of the first story. Note that such a frame is not usually designed because we must consider stresses and displacements against horizontal and vertical loads. It is theoretically interesting, however, to obtain the optimal braced frame considering only the constraints on buckling load factors.
In order to obtain a practically acceptable optimal solution, we introduce additional constraints in Case 2 such that the cross-sectional area of a column must not be larger than that at the lower story. Therefore, Case 2 involves eight additional linear inequality constraints with respect to the cross-sectional areas of columns. The lower-bound of cross-sectional area is 100.0 cm 2 for beams, and 0.25 cm 2 for columns and braces.
The optimal design for Case 2 obtained by Method (a) is as shown in Fig. 9 . It can be observed that all the additional inequality constraints are active; i.e. the vertically connected columns have the same cross-sectional area. The cross-sectional areas of all the beams are equal to 100.0 cm 2 . The multiplicity of the buckling load factors is three, where the corresponding buckling modes are as shown in Fig. 10 . We can see that Mode (I) is non-sway type and symmetric with respect to y-axis. Mode (III) is sway type with displacements of the joints in x-direction. Mode (II) is also sway type but without displacements of the joints at the second floor level. Note that optimal braced frames found in the literature have double buckling load factors, and a practically acceptable solution with three-fold buckling load factors has not been obtained. The iteration histories of Methods (a) and (b) are as listed in Tables 8 and 9 , respectively. In this example, after 5 steps, Method (b) can reach almost the same solution as that by Method (a).
Conclusions
Structural optimization problem of framed structures under constraints on linear buckling load constraints has been formulated in a form of mathematical programming including a matrix inequality constraint. A sequential SDP approach has been presented where SDP problems are successively solved by the primal-dual interior-point method to obtain the optimal designs. Since the sensitivity coefficients of buckling load factors with respect to design variables are not used in the proposed algorithm, it is very effective for the cases of optimum designs with multiple buckling load factors.
Optimum designs have been obtained for a spherical latticed truss, a tower-type truss and a braced frame. Two approximation strategies of the axial forces are compared in view of computational efficiency; i.e., Method (a) is a linearization approach by using the sensitivity coefficients of the axial forces, whereas Method (b) approximates the axial forces as constant at each iterative step.
It has been shown in the examples that the optimal designs with large multiplicity of buckling loads can be found without any difficulty by Method (a). In some examples, nearly optimal solutions have been obtained by Method (b). Since the coefficient matrices of SDP problems used in Method (b) are very sparse, the computational cost of Method (b) is smaller than that of Method (a) if the solution converges to the nearly optimal solution. Method (b), however, failed to find the optimum solutions in some cases, even if the termination conditions are satisfied. On the contrary, the obtained solution by Method (a) satisfies the first order optimality conditions of the optimization problem before approximation of the axial forces.
An optimum design with five-fold linear buckling load factors has been found in the example of a spherical truss. It has been shown in the examples of a tower-type truss that the proposed algorithm is applicable to topology optimization problems. For a braced frame, it has been shown that all the beams have very small cross-sectional areas and the cross-sectional area of a column has the smallest value at the first story, if the cross-sectional areas of all the members are considered as independent design variables. A practically acceptable optimum design has been obtained by incorporating inequality constraints of cross-sectional areas of columns. It should be also emphasized that the practically acceptable optimal solution has three-fold buckling load factors if the cross-sectional areas of the braces are independent variables, whereas only two-fold solutions have been obtained for braced frames in the literature.
